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Abstract 

We discuss an analog of the AGT relation in five dimensions. We define a 
^-deformation of the /3-ensemble which satisfies q-V\?N constraint. We also show 
a relation with the Nekrasov partition function of 5D SU (N) gauge theory with 
N f = 2N. 



1 Introduction 



In [I], Alday Gaiotto and Tachikawa discovered remarkable relations between the 4D 
M = 2 super conformal gauge theories and the 2D Liouville CFT. Some explanations 
have been addressed from /3-ensemble (generalized matrix model) [2] [3] in [I] [I]. 

In the pure SU(2) case, the AGT relation [8J between the instanton part of the 
partition functions of the gauge theory and correlation functions of the Virasoro algebra 
is extended naturally to 5D in [9] 13 The instanton counting [10] [13] of the 5D gauge 
theory [TJ] can be viewed as a g-analog of 4D cases [15]-[T7], and there also exists a 
natural g-deformation of the Virasoro/ Wn algebra [18] [21]. 

In this article, we will study a 5D extension of the AGT relation with Nf = 2N. The 
An_i type quiver matrix model (the ITEP model) [22] was generalized as a /3-ensemble 
[2] satisfying the Wjv constraint by [3]. Under the strategy of [3], we will introduce q- 
deformed /3-ensemble which automatically satisfies q-W^ constraint and show a relation 
with the 5D Nekrasov partition function of SU(N) gauge theory with Nf = 2N. 

This paper is organized as follows: In section 2, we start with recapitulating the 
result of the g-Wjv algebra and also define primary fields. In section 3, we introduce 
g-deformed /9-ensemble which automatically satisfies q-WN constraint. Section 4 deals 
with the N = 2 case. Finally in section 5, we explain a reduction of the 5D Nekrasov 
partition function to the g-hypergeometric function and show a coincidence with the 
partition function of our g-deformed /3-ensemble. Appendix A contains a definition of 
the Macdonald polynomial and several useful formulas. Proof of the key equation is 
shown in appendix B. Relations with the Kaneko's integral formula and the Jackson 
integral formulas are given in appendices C and D, respectively. In appendix E, we 
review the 4D case. Appendix F is devoted to a list of notations for bosons. 
Notation. Let [n] := (p^ — p~^)/(p^ — Parameters are q := = e 9sR , 

t : = q P = e h ^ = e 9s/3i? , p := q/t = e ~KVP-yVP)^ u ■- p an( } v ■- (q/t)l. We will use 
the same letter p also for the set of power sums p := (pi,P2, • • ■), but this appears only 
at P x {x[p}) or Z 2 (p). 

2 Quantum deformation of WV algebra 

We start with recapitulating the results of the g-Wjv algebra [20J [21J and define primary 
fields. 

1 The recursion relation for the 5D partition functions is derived recently in |38j . 
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2.1 Bosons 

We use three kinds of basis for bosons. First we define fundamental bosons h l n and Q l h 
for i — 1, 2, • • • , N and nfZ such that 



N N 



/ 1 \ N 

K, Ql] = (8ii-jj) Sn,o, [Ql Qi\ = o, P mh n = o. E = ( 21 ) 
^ ^ i=i i=i 

with g, t := q 13 £ C, p := q/t, [n\ := (pt — p~5)/(pi — p~^) and sgn(i) := 1, or —1 for 
% > 0, i = or % < 0, respectively. Here [A, 5] := AB — BA. This bosons correspond to 
the weights hi of the vector representation whose inner product is {hi ■ hj) = 5ij — 1/N. 
This algebra is invariant under the following involutions: w± = l, 

u + : y/fi^l/y/fi, ( q ,t)^(t,q), hl t ^h^ +1 , Ql^Q N h ^\ (2.2) 

^: ^"V^, (q,t)^(q' 1 ,t- 1 ), V n ^h^ + \ Q\ ^ Q%~ i+1 . (2.3) 

Next let us introduce root type bosons a® := h® — and Q a a := Q\ — Q ^ 1 for 
a — 1, 2, • • • , N — 1. Then they satisfy 

K, a*,] = - - r §)C< a 'V)<W m ,o, 

K,Q^]=C^(l)^o, = (2.4) 

and 



K, Qal = S i,6 (i)*n,o = k, Qi\, [Ql Q b J = o. (2.5) 



Here 



B^\p):=p^5, hb -p *6i- lfi , 

C a \p) := + [2]/ a , 6 - (2.6) 

Note that [/£ + p n h^ +1 , a a m ] = 0. 

Finally we define weight type bosons := Ylt=i h b n p ( - b ~ a ~^ n and Q\ := Ylb=i Qh f° r 
a = 1, 2, • • • , TV - I. Note that = pf A T a t - p~f A^ 1 with A° := 0. Then they satisfy 

rn a ft n 1 / li _ n v , n — \ r c 

K> A m] = -W 2 -9 2 )(t 2 -t 2 )5aA+m,0, 



K, Q\] = 5 a , b 5 nfi = [A b n , QH [Q a a , Q\] = 0, (2.7) 
[hlQ b A }=A^(l)5 nfi = [A b n ,Q\l [QlQ b A ] = (2.8) 



and 



IK, tin] = - <T 9 )(* 9 - rt)(c- 1 ) a - 6 (p")5,, 



n 



n+m,Oi 



[K, Qa] = (C-Y\l)Ko, [Qk, Q A ] = 0. (2.9) 



Here 



[min(a, 6) 1J N — max(a, 6) 1 b _ a 
(C- 1 )^) = 1 1 npi [N] y —^p b -^ (2.10) 

with 9{P) := 1 or if the proposition P is true or false, respectively. Note that by ui±, 

u ± : a a n ^-a%- a , Q a a t-> -Q^~ a , 

u±: A a n ^-A^ a p^- N -^ n , Ql^-Q N K ~\ (2.11) 

2.2 q-W N algebra 

Let us define fundamental vertices Ai(z) and q-Y^N generators W l (z) for i = 1, 2, • • • , iV 
as follows: 



A<(z) := : exp lj2 h n z ~ n I'.q^P^ 



W\zp^):= J2 iKWKizp- 1 )---^ 1 -')-. (2-12) 

l<Jl<-<ji<AT 

and W°(z) := 1. Here ; * ; stands for the usual bosonic normal ordering such that the 
bosons h l n with non- negative mode n > are in the right. Note that 

W N {zp^ L ) = : A 1 (z)A 2 (zp- 1 ) ■ ..Axizp 1 -") : = 1. (2.13) 

These generators are obtained from the following quantum Miura transformation: 

N 

^(-lyw'izp^pV*-* 13 ' = : ( P D > - A^z)) (p D * - A 2 (zp~ 1 )) ■ ■ ■ (p D > - A iV (^ 1 - JV )) : 

(2.14) 

with D z := z-j^. Remark that p Dz is the p-shift operator such that p Dz f(z) = f(pz). The 
mode n generator W l n is defined by W l (z) =: J^n^z W^z~ n . 
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2.3 Screening currents 

By using root type bosons we define screening currents S±(z) as follows: 



S a ± (z) := ;exp \ T J2 h Q " _^ " n \ i^^, e + = g, £-=*■ (2-15) 



Note that the Langlands duality w_a; + S'" (2) = £7® (2). We denote the negative mode 
part of S±(z) by (S±(z))- := exp < =F Xln<o " z ~ n r ■ The screening currents satisfy 

[ : (p°» - Ai(z)) ( P D * - A 2 (^- 1 )) • • • {f' - ANizp 1 -")) : , S&w)] 
= ( q l - q -l)(tl - H)-^- : (p°' - A x (z)) • • • (p D ° - K-i(z P 2 - a )) 

xwS (V" 1 ) A^(w)p°' (p D ° - K+zizp- 1 -")) ■ ■ ■ (p D ° - Aiv(V^)) : (2-16) 

with 

(2-17) 

and ~^f{w) := (f(^ w ) — ~ £~^) w )- Here we use the identity 

exp J £ i^x n i - texp J J] 1 _t V " I = (1 - *)*(ar) (2.18) 

ln>0 ^ J ln>0 71 J 

with the multiplicative 5-function S(z) := XLez z ™ satisfying 5(z)f(z) — 5(z)f(l). There- 
fore the screening currents S±(z) commute with any q-V\?N generators up to total differ- 
ence. Thus screening charges § dzS± (z) commute with any q- Wn generators 

[6dzS$.(z),W b {w)] = 0, a,b = 1,2,- ■• ,N-1. (2.19) 

For a Laurent series f(z) := J2 n &zf nZn ^ n z -> ^ ne integral § Tjzf( z ) stands for the 
constant term in f(z), i.e., 



(2.20) 



If / is multivalued function, we should choose an appropriate cycle or need to introduce 
a pseudo-constant to make it single-valued one. (see (}2~1 



2 Onc can replace the integral § dz by any linear map which satisfies § dz-^f(z) = with £ = £±, 
for example, by the Jackson integral, provided /(0) = /(!)■ 
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2.4 Primary fields and degenerate operators 

For parameters u and 7 with u := t 7 , let us define the following vertex operators 

V u a (z) := :exp {j2 ^ :Zl )K + -^ Z ~ n \ :e~^z-^. (2.21) 
They satisfy 

<; P L (-) A^)K» - K»A^)<£ (-) = (t*- 1 - i)EM (A) :A^)K» : , 

(2.22) 

where (x) an d 9u,p( x ) are inverse of the OPE factors, 
for any j > a. Since p^ 2 commutes with V^(w), 

(p Dz ~ 9u L P (7) A *w) K» - K» (> - a^KJ (£)) 

=(i-tiiy;M (^t) :a 

6=1 v^ 5 ^ 



s)V?M S . (2.24) 



Remark that A N _ a+ i(z) and V^~ a (w) satisfy same relation with replacing p -h- and 
u -H- By using ( I2.24p and w_, we have 

Proposition. T/ie vertex operators V^(w) and V u Ar_1 (w) enjoy £/je following relations: 

: (> - (~) M*)) ■ • • (> - stf (^) A^(V- JV )) :V» 

(> - AxW^i? (£))••• (> - A*^-")^ (^)) : 
= (1 - n- 1 ^ ( :Ai(^)K>) - A 2 (^ 1 )) • • • (p D * - A JV (V~ iV )) :,(2.25) 



p Dz ~ 9\%,y P (7) M*)) • • • (> - *J£ V , j A,(V- w )j :Kf~V 



= (1 - u)5 Uj^Lj : <f- - A^z)) ■ ■ ■ (p D * - A N ^(z P 2 - N )) A N {zp'- N )V u N -\w),. 

Expanding ( 12. 25ft gives the relation with the q-WN generators W l (z). 
When u = t or g" 1 , let V£{z) := V t a (z) and V*{z) := V^{z), i.e., 

V£(z) := ;eX p l±J2 | A " _n *- n [ seT^Q^T^Ag (2.26) 

with £ + := g, £_ := 1 As a generalization of the the (£+ 1, k + 1) operators in the N = 2 
case [23], we can define a g- deformation of the degenerate operators for £, k G Z> , 

i=i i=i 

^ \^gS -g 2* t2fc -t 2k J J 

with a := —£y/]3 + kj yf]3 and l/(g^ — g~^)|£=o := 0. 

2.5 Boson Fock space 

Next we refer to the representation of the g-Wjv algebra. Let J- a be the boson Fock 
space generated by the highest weight state \a) such that a°|0) = for n > and 
\a) := expj^^ 1 ct a Q^}|0). Note that q.q\o) = a a \a). The dual module J 7 * is generated 
by (a\ such that (0|a" n = for n > and (a\ := (0| exp{— Xl,!^ 1 a<1 Q%}- The bilinear 
form J 7 * eg) — )■ C is uniquely defined by (0 1 0) = 1. 

2.6 Highest weight module of q-WN algebra 

Let | A) be the highest weight vector of the q-WN algebra which satisfies W*|A) = for 
n > and a = 1, 2, • ■ ■ , N - 1 and Wg\\) = A a |A) with A a G C. Let M A be the Verma 
module over the q-WN algebra generated by |A). The dual module is generated by 
(A| such that (\\W£ = for n < and (A|W ° = A a (A|. The bilinear form M* x ® M A -»■ C 
is uniquely defined by (A|A) = 1. A singular vector \x) G M A is defined by W^\\) = 
forn > and W$\x) = (A a + iV a )|x) with N a G C. 

The highest weight vector |a) G T a of the boson algebra is also that of the q-WN 
algebra, i.e., W°|a) = for n > and a = 1, 2, • • • , iV - 1. Note that W a |0) = [iV]£|0) 
with [N] p := (p~2 — p~^)/(p^ — p" 5 ). 



:cxp 
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2.7 Singular vectors 

For a set of non- negative integers s a and r a > r a+ i > with a — 1, • • • , N — 1, let 

± aff := (1 + r a - r a _i) v 7 ^ " (1 + s a ) v 7 ^, r := 0, 

±5±f := (1 - r a + r a+1 ) v / ^ ±1 - (1 + s«) V^, r N := 0. (2.28) 

The singular vectors \xf s ) e -^a* are re& hzed by the screening currents as follows: 

l*t> = / n ft H • • • • • • • 5 ± • • • l 5 t> 

a=l j=l 

= / nn^^M-^'Vlfc^P-P^^fr) K) (2-29) 

a=l j=l J 

with := 0, z := l/z, £ + := q and := t. Note that = \Xr,s)- Here 

nl ^ — T 1 ~fj 2 — ^2 
exp <( > — ^ —p'zziiu"- 
z — ' n 02 — Q- 2 J 

=nn !"^ i9i <!» ( 2 - 3 °) 

- LJ - - LJ - 1 — q l ZiWj 



Aq w (z) ;= A ^ (z . g? ^ : = J] exp <| - ^ -^i(pt +p -S)^LjJ ^+'-< ^ ; 



n q2 — q 2 



II «,/*) II • n^ +1 - 2<W . 191 < 1 (2-3D 

i<j e>o y J/ * i=i 

with /3 := log t/ log g. Note that A qW (cz) = A qW (z). 

When P ^ Z, A gM/ (,2) becomes a multivalued function but we can replace it with the 
following single valued one 

A^{z) := A« w (z) J] F( % M) (2.32) 

with the pseudo-constant F(x) = F(qx) defined by 

F( X) := .«M|. (2.33) 

Here 

: = Y[(l - q e x)(l - q £+1 /x)(l - q i+1 ) (2.34) 

e>o 

is the ^-function with the multiplicative period q. 



7 



3 Quantum deformation of /3-ensemble 



Note that the singular vector in ( 12.29ft is naturally mapped to the Macdonald polynomial 
[21] defined in the appendix A [25] [21]. As a generalization of this map one can define, 
under the strategy of [3], a quantum deformation of the generalized matrix model, i.e., 
g-deformed /9-ensemble. 



3.1 Isomorphisms between bosons 

With a new parameters p^ := (p± ,p^\ • ■ ■ ) let us define the following vertex operator 



N-l 



N 



n ex p \ e 



A n (a) 



0=1 



. n>0 



q* - q 



(3.1) 



Note that [A£,A^J = for n, m > 0. Then (a|V)v defines the isomorphism between the 



boson algebras (K)^ 1 " and (p ( n\a a , -^)^1n <jv by 



71 



p^(a\V N =(a\V N a a _ n , 

n 9 

(l* -1~)—^(a\V N ^(a\V N Al 

OPn 



(3.2) 



forn > and a a (a\V N = (a\V N a%. Since W n = J2b=i ^ b {p n )a b n = Ej=i B^\p n )K b n , 
have 

2 2 ^A i >\p- n )p®(a\V N =(a\V N h i _ n , 



we 



71 



N-l 



d 



(gl - g-f ) £ ^V)^H^V = (a| Vfrfc 



6=1 



(3.3) 



for n > and ^(a|Viv = (a\V N h^ with = - JX" 1 6/JV 



a 



The vector |S+ S ) := nf^ 1 ffi a =i(S+(4))- ■ \®?, s ) in ^291) also defines another linear 



map from (K) 1 ^ to (J2lU4T)^ a<N by 



A a I S* \ = I 9+ \ 

nrr.s/ l w r,s/ 



f*-ts 



71 



n > 0. 



fe=i 



Then 



/,* I c+ \ _ I c+ \ 
"'n\ Lj r,s/ \ u r,s/ 



n n JV— 1 



(3.4) 



(3.5) 



fe=i 



S 



3.2 (/-deformed /3-ensemble 

Let us define the following partition function 
Definition. Let Z N := Z N ({p {a) }a=i) ■= « s |Vat|x+ >. 
Then by flgj29j) , f l235|) and (Q, we have 

■ iV-l r a , a 



n n ^«\vnskzd ■ . ■ suzij . . . s^z?- 1 ) ■ ■ ■ ) 

a=l j=l 1X1 

n n ^^ a )~ sa e n^rr-f (4)>i a) ■ ^(^°)n 

o=i 3=1 •? ln>o y y J 

^ .J-a N-l 

n n H n A^^e^^, (3.6) 

a=l 3 = 1 a=l 

, ,R r a ( r a+ i / I a+l\ n> ) r a 

n>0 y y i=l I 3=1 \ 1 / ) i=l 

(3.7) 

Here z N := 0. This Z^r is regarded as a g-deformation of the partition function of the 
generalized matrix model [3], i.e., /3-ensemble. One can define other type of partition 
functions by acting involutions (12. 2p . (12. 3p and ( lA.lOj) . 



We can calculate this integral by using the Macdonald polynomials P\(x) with the 
Young diagram A, their fusion coefficient and the inner products (*,*), (*,*)'. and 
(*, *}" defined in the appendix A. By the Cauchy formula (1A.9I) . the Galilean boost (IA. 18|) 
and (IA.12j) we have 



=/nn^- e /^(^^' ^ 0.8) 

with /i = /ijv-i := (0). Here A a , /x a and z/ a are Young diagrams such that A 0) j > A 0) j + i, 
and so on. P\(x[p]) denotes the Macdonald function in power sums p := (pi,P2, ■■ •). 
By the orthogonality with respect to the inner product (*, *)" in ( 1A.7I) . we obtain 
Proposition. 

7 -nVf^p r r^ PA ° (x[:pQ]) ^i ra!(/ia + (g " a) ^ 



w«£/i (0) := 1. 
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For any A with Ai < s, let A be its complements with respect to (s r ), i.e., A» = 
s — A r _j + i. The fusion coefficient defined in (1A.12j) satisfies fx^o) = <Ev an d fx J = 
8 . Since fi = /ijv-i = (0), we have Ai = fix + (s r ±) and Ajv-i = V-n-2 with respect 

to {s r ^ll). Therefore (13. 9 p is summed over (N — 2) + (N — 3) Young diagrams for A 7 " > 3. 



For any function O in z"'s, the correlation function with respect to O is defined by 

^°)) ■■= j- 1 n ■ ° n A**v) e ^ +i ). o.io) 



a=l j = l 0=1 

The effective action S c q defined by =: § FT/li 4k ' eScS 1S now 

[2] p „tf-t-f ^ " ^ ra 

n of — o~f ^— ' ' \ z? , 

a=l n>0 y H a=l i<j v 1 ' a=l i=l 



a=l n>0 y y a=l i<j ^ 1 ' a=l i=l 

(3.H) 

The saddle point condition is = with 

<S-s5^H-^fe(S"-S(3)"; 

3.3 q-V\?N constraint 

Next let us define Ai(z) and W l (z) as follows, which are the power sum realization of 
fundamental vertices Ai(z) and g-WV generators W t (z), respectively: 

{ n n AT— 1 

E 2 zn E ^' V>? 
n>0 6=1 

x exp (^(gi - q S)z- n f^'V) -j* \ q^p^, (3.13) 
Ln>0 6=1 </P™ J 

JV 

^(-ljW^Tjp^'l^ : = . ^ - AiOz)) (p 2 ^ - A 2 (^T 1 )) • • • (j9 Dz - A^p 1 "^) 

i=0 

(3.14) 

and W*(-2) =: Xlnez VV^z - ™. Here ; * ; stands for the normal ordering such that the 
differential operators -^j are in the right. Then by the isomorphism (13. 3p . 

Ai(z)(a r , s \V N = (arj\V N Ai(z), W(z)(a r>s \V N = (a r , s \V N W\z). (3.15) 
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Therefore the highest weight condition for the singular vector W% |x) = for n > is 
equivalent to the following g-WV constraint: 
Theorem. 

W%Z N = 0, n > 0. (3.16) 

3.4 Loop equation and quantum spectral curve 

Let us define A^(z) and W l (z) as follows, which correspond to fundamental vertices A^z) 
and q-V\?N generators W l (z), respectively: 

{ n n N—l 

E^^i^"E^V>i 6) 
n>0 6=1 

x exp E -^^^ E S *V) D*" \ ^P^~\ (3-17) 



.n>0 6=1 k=l 

N 



EC-l)^^^ 1 ?^-^ := (V^ - Ai(^)) (p Dz - A 2 (^ 1 )) ■ • ■ (p Dz - Ajv(^ 

j=0 

_ _ (3-18) 
and W z (z) =: ^ ngZ W^z _n . Then by linear maps (13 .3p and (13 .4p . we have 

(a+ s \V N Ai(z)\S+ s ) = (a+ s \V N \S+ s )Ai(z), 

(a+ s \V N W i (z)\S+ s ) = (a+ \V N \S+ S )W i (z). (3.19) 

Hence 

^{at s \V N W\z)\xi s ) = (( W{z) )) . (3.20) 



Zn 

Therefore the highest weight condition for the singular vector Vt^lx) = for n > is 

equivalent to the following loop equation: 

Theorem. 

((vK}} = 0, n>0. (3.21) 

Note that, although the variables Zj a \ z and Xj are all formal parameters, one can 
treat them as complex parameters with 

oo > \xf\- 1 >\z\>\z\\> ■■■> \z l ri \ >■■■> l^ 1 ! > ■ ■ • > \z?-_\\ > 0. (3.22) 

Here \z?\ > \zf +1 \ and \zf\ > \zj +1 \. 

The quantum spectral curve should be 

(( (p D * - Ax(z)) (p D * - Mzp- 1 )) ■ ■ ■ (p D * - AMizp 1 -^ }} = (3.23) 

which regularity in z is guaranteed by the loop equation (13.211) . 
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3.5 Large r a case 

Let (q, t) =: (e Re2 ,e~ Rei ) =: (e 9sR ,e 9sl3R ) with the radius R of the 5th dimensional circle 
S 1 . Let us rescale the variables as pn := g s pn , r a '■= 9s^a and s a := g s s a . Then 
( ,» iv-i 
A,(z) =exp h] E ^ 



x exp 



. /< ii 6=1 

n n N—l 

t 2 — t 2 

-Z 



£ 

n>0 



6=1 



n ^ £ i,6 (p") / rfww n f fe p 6 («;) \ q^sp^-i (3.24) 



with p a (w) := i X)fc° = i 5(w - 4). Note that by flHZSD, 



( ) ( *a 



j>fc 



n>0 L i<k 



j>k 



z^ n 



r a -j dw 



IH>KI 

dw - 
H>K\ 



dw - 



w 



H<l*£l 



Pa(Wj 



dw 



IH<kgl 
+ r a - k. 



Z kPa{ W ) 

w — zl 



+ r a - k 



(3.25) 



w — zi 

Under the limit g s — > and r , s a , — > oo with fixed f a := g s r a , s a := (7 s s a and 
A; = g s k, the saddle point condition becomes 



= PY / \z n P ( r? ) -2r a [ dw(-Y-[ dw( 

n>0 < U\w\>\z\ ^/ JM<\*\ XZ 



W 



+ r a _i / dwpa-iiw) — - r a+ i / dwp a+1 (w) — ^ + /9(f a - 2A;) - s a 



w 



fo_i / dwp a -i{w) -2r a -j dwp a (w) +r a+1 / dwp a+1 (w) 
+/3^^#+/3(f a+1 -f a )-5 a 



w — 2 



(3.26) 



n>0 



with z := limfc^oo z^. and p a (w) := lim^-^ — X^jli ~~ 2 j )• Under this limit, the sift 
operator p Dz tends to a commutative variable, say z, and the spectral curve reduces to 



A l (z) = exp\f3R\j2 



. n>0 



N 

n (* - ^ 

i=l 
'JV-1 N-l 



0. 



(3.27) 



a=i a=l 



dww 



z — w 



(fipi(w) - fi_ip i _ 1 (w)) 



with the solution p a (w) of (13.261) . Note that the parameter /3 appears only in the com- 
binations /3f and ftpn" 1 ■ 
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3.6 g-deformed Liouville correlation function 

In the relation with the Macdonald polynomial in [21 j . the parameter p n is mapped to 
the power sum p n = YH=i x 7- On the other hand, the principal specialization Xi = t 1-1 , 
i.e., p n = (1 — t rn )/(l — t n ), has a natural generalization p n — (1 — u n )/(l — t n ) with 
uGC. By these mapping and specialization, we can identify our partition function with 
a g-deformed Liouville correlation function. 

With parameters xf\ y^ and for a — 1, 2, • • • , N — 1 and j = 1, 2, ■ ■ • , M a , let 
us consider the case that 

P !r^B4"r+ ( " ' fa'-')"- 

f * TO TO 



Then 



* - f e ( e -A + f ri.-^;'.^ )- > > (3. 29 > 

ii l^<7 2 -<? 2 (g 2 -g 2 )( t2 -t 2 ) (I 



is the positive mode part (V^ (a) (l/y^ a ' ) )) + and yV®(l/x^)j of the primary fields V^ {a) (l/y^ 

in (I2.2ip and the (2,1) operator V+(l/Xj ) in (I2.26p . respectively. Thus the partition 
function 

„JV-1 r a , a N-l M a 

n ns • «.i n (wi/v^n (*?&/*? , >) + 

is nothing but the integral part of the g-deformed Liouville correlation function of them, 

.N-l r a , a N-l N-l M a 



'xf) 



n n £ «i n kwv^) n n w/* 

= f(x,y)Z N . (3.31) 

To recover the hole correlation function, one just need to multiply the OPE factor f(x, y) 
coming from the negative mode part. Note that if = and M a < oo then {pn} n &N 
is linearly dependent and thus q-W^ constraint (I3.16P should be modified but the loop 
equation (I3.2ip and the spectral curve (13.23}) are unchanged. 
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4 N = 2 case 



Here we give an example when N = 2, i.e., the g-deformed Virasoro case. The funda- 
mental bosons are 

✓ n rt \ / ft ri\ 

l h l Ml _ 1 Zl 2 )( t2 ~* 2 h l^O 1 ]- 1 * (Art 

[ n m n m\ — n~. — <Wm,0, [n nl lj h \ — -0 n ,0, (4-J-J 

n p2 4- p 2 z 

:= ~V~ n h]i an d Ql, '■= —Q\- The root type and the weight type bosons are a* := 
(l+p- n )K, Ql := 2QI Ai := hfrS and Q\ := Q\. Note that A 1,l {p) = 1/(1 + P' 1 ), 
B 1 ' 1 {p) = p\ and C x \p) = [2} p . 

The q- Virasoro generator, the screening currents and the vertex operators are now 



WHz) = 



: exp I h n z ~ n fiq^P* + :exp i - h^z' 71 \ zq-^p^, 



7^) = :exp j±£ f ^ „ f P~^~"};e Tv/?±lQ ^ Tv/?±lfe °, 

K 1 W = :ex P (E - B (M? ~""? ) ^ ^ -t,-4:e-^,-^, 

V 2 = exp I V „ ^ n P -fp n 1 . (4.2) 
|^9 2 - <? 2 J 

For non-negative integers s and r > 0, the singular vectors |% rs ) G are 
\xts) = f UP 1 ■ S'M) ■■■ Sl(z r )\a+ S ) 

J 3=1 3 



(4.3) 



with a+;} := vW + r) - ^(1 + s). Here A 9H/ (^) is same as f l23Tj) . The partition 
function Z 2 is now 



j=l J l.n>0 
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If we divide the power sum p n as p n =: pffl + pn^ then by (1A.13I) and (IA.16I) we have 
Z 2 (pW+pW)=p- 



p 



Ac(s-) 

r\(s r y; 



(A)(A) ^ 



(A); 



^ A ^)(A)(A) 



P x (x[p^])P~ x (x[pM}). (4.5) 



Here A C (s r ) means Ai < s and £(X) < r. 

Let us consider the case that p^ '■= (1 — u n )y n / (1 — t n ) and denote its function by 
f(x [ jz^y ] ) • Then we have 



(1 - ^t r -*)(l - g a -J' +1 t i - 1 ) 
^ (/' ; '"/" V - ; / V ') 



n 



< A >2/l A l (s r >2/ 
which is proved in the appendix B. Next, flA.6j) shows that 

(s r ) (A); _ n i - gn 

11 i _ ^-ltf-i+i 

(ij)6A 



(4.6) 



(S r )'r (A) 



(*J)6(s r ) 

From the above two equations, 

i <a>;*sMSi/]) ^)(4iEfy]) 



_ gj-ljr-i+l 11 l_ q j t r-i 



(4.7) 



(s r );(A) (A)^l 



n 



(1 - q j -H r - i+1 )(l - g^-^'+H*- 1 ) 



(4- 



hence we obtain 



r!(s r )', 



-Z 2 + f^y) = P^P(sr) [x 



1 — 11 



1 -u 
1 

1 -r 



X 



E^[ P »])n^ iW - ,i " lfri -' i "" 



ACM 



(i,i)£A 



(t*- 1 - r-Y'-»/u)(i - g Ai - i+1 t A H) ' 



(4.9) 



The involution is defined in (KlOj) as w ? , t (p n ) = (-l) n_1 p n (l - g n )/(l - *")■ If 
we act on the variables p n in (I4.4p and denote it as oj q ^Z 2 {p^>) ■= co qi tZ 2 (p)\ p=p (o) , 
then we get another type of formula 



r\{s r ) 



-u q>t Z 2 (p) 



rl(s r )» 



n 



3=1 3 



n-l 



. n>0 



n 



j n z" Pn \ ■ A« w {z) 



■■P 3 P(ri)(x[p];t,q) 

r\(S r )". r**s 



(4.10) 



15 



which is just (14. 4p with the replacement g -H- 1 and r ■<->• s. 

Therefore when pn* 1 := ^f^x™ we obtain 
Proposition. The partition function ^(p) substituting p n = Xli^r + iz^r V n an d 



l-t 



l-q 



nVn 



-l) n ~ 1 (E i ^i+J^y n ) are 

Z2 my) 



g s ,t' r gx 
q l ~ s t r ~ l ju uy 

t~ r ,q s tx 



Here 2^1'^ [ a 'c'T x ] * s the multivariate q-hypergeometric function [33] 



a, b 



x 



A 

t(X)<M 



(ij)6A 



(V- 1 -cqi- 1 )^ -q^-J+H^-i) 



Since P\(x;q,t) = P\(x;q 1 ,t 1 ), 2^1^ [° ( f> :r ] satisfies 



..(*,*) 



a, b 



x 



2^1 



a , b ab 
; —a; 

c 1 gc 



When M = 00, 



(4.11) 
(4.12) 



(4.13) 



(4.14) 



When M = 1, 2^1'^ [ a 'c'i x \ reduces to the usual g-hypergeometric function 



a, b 



x 



2<fl 



a, b ab 



-x 



c c 



M = 00. 



2<fl 



a, b 




a, b 


;x 


■ = 2^1 


;q,x 


c 


c 



n-l 



1 — ag^)(l — 6g £ 



(4.15) 



n>0 £=0 



(1-cg^l-g^ 1 ) 



M = 1. (4.16) 



In the next section we will show a relation between our Z 2 (x + jzfy) and the 5- 
dimensional SU(2) Nekrasov partition function. 



5 Five-dimensional Nekrasov partition function 

Let Q = (Qi, ■ ■ ■ ,Qn) and Q ± = (Qf, ■ ■ ■ , Q%) be sets of complex parameters. The 
instanton part of the five-dimensional SU(N) Nekrasov partition function with Nf = 2N 
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fundamental matter^] is written by a sum over N Young diagrams Aj (i — 1, 2, • • • , N) 

as follows nanzifl 



W — *ww n( T ) ("> 

with v := (q/t)^ and 

N Xtl (Q):=N Xtl (Q;q,t): = J] (l-Q^-^ 1 ) J] (l - Q q'^-H'^ 

(*J)eA (*,i)eAt 

= J] (i - Q q Xi ~ j t^~ i+1 ) II (i-Q?"^'" 1 *"^) (5-2) 

(*.J')6AI (»J)eA 

Here A = (Ai, A 2 , ■ ■ • ) is a Young diagram such that Aj > Aj+i . A' is its conjugate Young 
diagram and |A| = J^A*. Z inst (Q; Q + ; Q~) is symmetric in masses Q ± /s. Note that 
N\(j.(Q; q, t) satisfies 

N X r(vQ;q,t)=N l *(Q/v;q-\r 1 ) = N li .x>(Q/v;t,q) (5.3) 

and 

N x .(vQ)N. x (vQ') = N. x (v/Q)N x .(v/Q')(QQ'y x \. (5.4) 
Using (15.41) . (15.11) is rewritten to the following two ways (double-sign corresponds): 

+ \ [Ai| 
a 



{A;} ij " vAi ' - ;/ 

with 



(5.5) 



3 The parameters (g, i) are related with those (ei,£2) of the O background through (g,t) = 
(e fle2 , e _iJei ) where i? is the radius of the 5th dimensional circle. The parameter Q is related with 
the vacuum expectation value a of the scalar fields in the vector multiplets and the mass m of the 
fundamental matter as Qj = q ai , Qj = g~ m < and Qj = q- m N+i _ 

4 In [17], there are typos in (9.4) and (9.5). For a < (3, Q a .p and Q' a a should be replaced with 

v i+- ~Q a ^ and tr 1 ^' ~Q' a p, respectively. Furthermore we change the definition of A Q 

in [17] as follows 



13=1 xlQ^Qp 0=a ® P 
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Note that for A or \i = (0), 

Nx.(Q)= J] N. X (Q) = H (1 - Q q~¥) (5.7) 

(ij')6A (*J')6A 

and N„(Q) = 1. Here • denotes (0). Hence for a special value of Q, N\,(l) = 5\ t , and 

n— 1 n— 1 

iV A .(t) = £ 5 A , n - 9*0, ^A.(l/g) = £ - r "/g)- (5-8) 

n>0 £=0 n>0 £=0 

Therefore one can adjust the parameter Q so that a factor of numerator of (15.11) . N\ 9 (Q), 
vanishes except for A = (0), (n) or (l n ). Namely for some j, if vQi/Qf = 1, i or 
then the right hand side of (15.1 1) is summed over only Aj = (0), (n) or (l n ) with n G Z> , 
respectively. Note also that for A, n — (0), (n) or (l n ), 

n— 1 n— 1 



AUQ) = -QfW -Qq'"' 1 ), N lnln (Q) = J](l - Qt e+1 )(l -Qr e /q), 

i=o e=o 

n—l n—l 

N n .(Q) = - Q <fi> N »n(Q) = H(l - Q q-'-'t), 



1=0 1=0 
n—l n—l 



NMQ) = ]\(l-Qt- e ), N. ln (Q) = l[(l-Qt i+1 /q) (5.9) 



and 



i=o e=o 



Nn.(t) U 1 AWl/g) _ 1 

Hence one can adjust iV out of iV/ = 2N parameters Q ± i , s so that (15. 5p reduces 
to all Aj = (0) but a Aj = (n) or (l n ) with n G Z>o same as [27]. For example, if 
(Qx, • ■ ■ , Qn-i, Qn) = v' 1 x (Qf, ■ ■ ■ , *Qjv) then the right hand side of (15.51) is 

summed over only (Ai, • • • , Ajv-i, Ajv) = ((0), • • • , (0), (n)) with n G Z> and thus 

Z™\Qt/v,--- ,Q%_Jv,tQ%/v) 

/A|\ n N n .{vQ N /Q%)N m {vQyQ N ) yr N n .(vQ N /Qf ) N. n (vQJ/Q N ) 
f^\ vN ) N nn (Q N /Q N ) j\ N n .(Q N /Qj) N. n (Qj/Q N ) 

-^[yfj 11 i-g-^-i 11 l-tq-^Qs/Q / 1 j 

n>0 v 7 £=0 * i=l ^ .7 

On the other hand, if (Qi, • • • ,Qn-i,Qn) = V 1 x (Qf,-- - ,Qn-i>Q%/9) tnen om Y 
(Ai, • • • , Ajv-i, Ajv) = ((0), • • • , (0), (l n )) contributes. Therefore we obtain 
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Proposition. 



Z inst (Qf/v, • • • , Q%_Jv, tQ%/v) = N ip N . 



N^N-l 



Z mst (Qf/v, • • • , Q%_ 1 /v, Q%/qv) = N cp N 



vQn 
tQi 



V 



Qn 



tQi ' 



vQn 
tQi 



' vQn . „-l ly N 

tQN- 



qQ 



9 » N 



N 



X 



qQn 



A 



± 



with 



Note that 



ai, 



n-l 



■ ^ ^(i-^)n: =1 (i-« 



(5.12) 



(5.13) 



ai, • • • , a r 



oil • • • , ^r-l 



,y? r _i 



1 5 i"r — 1 ~ 
-1 'il ' X 



x :- 



% ni=i a i 



(5.14) 



When N = 2, Z mst coincides with the M = 1 case of the partition function Z2 of the 
g-deformed /3-ensemble (14. lip similar to [6] 



Z inst (Q±/MQ^) = 2 ¥>i 
Z^\Qt/v,Qt/qv) = ^ 1 



v Q2 v Q2 
Q 1 



with 



for (15.151) and 



Q]_ 

VQ2 



1Q1 



u 



•t — 

V 



Z 2 (X + W) 



9,t ^ (fell/) 



tQtQT y Q1Q2 



■A? 



, r Q2 

4 " 



<?QiQ 2 ' y ~ Qf 2 



(5.15) 
(5.16) 

(5.17) 
(5.18) 



for (I5.16p . In the SU(N) case, the Nekrasov partition function (I5.12p may coincide with 
our partition function Z N by using the formulas (1D.5[) and (1A.20H . 
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Appendix A: Macdonald polynomial 

Here we recapitulate basic properties of the Macdonald polynomial [24J. Let A := 
(Ai, A2, • • • , A r ) with Aj > Aj+i > be a Young diagram. A' is its conjugate. For any A 
with Ai < s, A is complements of A with respect to (s r ), i.e., Aj = s — A r _j + i. |A| := A,. 
Let x := (xi, • • • , x r ) and p := (pi,P2, 4 • • ) with the power sum p n := p n (x) := Y^i=\ x "i- 
For any symmetric function f in x with r = 00, f{x[p]) stands for the function / 
expressed in the power sum p. 

The Macdonald polynomials P\{x) := P\(x; q, t) are degree |A| homogeneous symmet- 
ric polynomials in x defined as eigenfunctions of the Macdonald operator H as follows: 

HP x {x) = e x P x (x), 
»■ ^II^-^ Sa:=J>V-* (A.l) 

1=1 j&i) 3 , =1 

with a normalization condition P\(x) = x^x^ 2 ■ ■ -x^ + • • • . Where q Dx with D x := x-^ 
is the g-shift operator such that q Dx f(x) = f(qx). Note that P,(x) := P(o)(x) = 1. 

Two kinds of inner products are known in which the Macdonald polynomials are 
orthogonal each other. For any symmetric functions / and g in x, let us define inner 
product (*, *) and another one (*,*)' r as follows: 

(/.9)^=^/n^T-A M °*W/(x) 9 (x), xj:=i- (A.3) 

j = l J 

with 

A Mac (x) := ffexp {-V l_\zlL X l\ = f[ TT \ q \ < 1. (A.4) 

^ 11 p ] ^nl-fi" AAAA 1 -tq l xJxi m V ; 
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Here we must treat the power sums p n as formally independent variables, i.e., -^-p m = 
5 nt7n for all n, m > 0. The inner products of Macdonald polynomials are given by 

ft f ->=«»t <a>== n 1:£%£> ( A - 5 > 

(Pa, P,) r - M A > r) ^ .- 11 ! _ ^ 11 r g (/3)r 9 ((fc-l)/3 + l) (A - 6) 

Here r g (a;) is the g-deformed T function T q (x) := (1 — q) l ~ x rii>o • Since the 
Macdonald operator is self-adjoint for the another inner product (*,*)' r , that is to say 
(H f,g)' r = (f,H g)' r (eq. (VI. 9. 4) in [21]), the Macdonald polynomials are orthogonal for 
this product (P\,C P^)' r oc with an arbitrary pseudo- const ant C(x), i.e., q Dx iC(x) = 
C(x). Since A qW (x) / A Mac (x) is a pseudo-constant, the other inner product replacing 
A Mac (x) with A« w (x) as 

(/• g)'l ■ ^jW^y/ A<?w » m .'/(•'')• ^ (A.7) 

j=l 3 

also has orthogonality, i.e., (P\,P^)" = 5\ :fl (\)". Let us denote by /^[tEj 1) the 
function /(#[£>]) in the specialization p n := (1 — u n )/(l — t n ) with mgC, then [21] 

Pa x i =11 T> — r— r. A.8 

J 7 (m)sa « 

The following Cauchy formula is especially important: 

^ -y | y J I 

22jT-rP\{x;q,t)P\{y;q,t) = IL(x,y) :=exp < n Pn(x)p n (y) > ■ (A.9) 

A ' ' ln>0 U 1 J 

With the involution tu ?)t , 

1 1 — o n 

u q , t P x (x;q,t) = P x >(x;t,q), u g , t (p n ) = (-l)"" 1 - ^-p„. (A.10) 



If we act c^t on a; of n(x, £/), it becomes 

m-1 



(— l) n 

n (ar,j/) := exp <^ ^ ^ P»(*K(2/) ^ . (A.ll) 



n 

. n>0 



Let us denote a symmetric function / in the set of variables (xi, x%,--- , yi, y^, • • • ) 
by / or / Let be the following fusion coefficient 

P A (x)P M (x)=:^/ A ^(x), (A.12) 
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i.e., f\ t n := (P x Pr,P v )/(P v ,P v ). Then we have 
Lemma. 

E ^/ 



P v (x,y) ^a(x) 

(A) ( M > ' 



» 



(A.13) 



Proof. By the Cauchy formula fl A. 9[) . 

P v (x,y)P u (z) 



E 



n({x,y},z) = n(x, «)n(y, z) 

P A (x)P A (z) P^P^) 



E 



(A) 



A,/*,i/ 



(A) 



, ^.(y) 



(A.14) 



□ 



The fusion coefficient satisfies 128 



/A,/* — //Lt,S / \, 



(A.15) 



where A is the complements of A with respect to (s r ) with Ai < s. Thus when z/ = (V 



f 



A, A 



<* r >; 



(A.16) 



Note that ( A )' r = (X)' r . For abbreviation, let ( s r ) := ( (s r ) ) and (n) : = ( (n) ), then we 
have 



n-l 

n 



(A.17) 



For the r variables x := (xi, • • • ,x r ), (eq. (VI. 4. 17) in [24J ) , 



P A+(s r)(x) = P A (x)P (s r)(x), P(o(z) = JJx-. 



(A.18) 



Let us denote the Young diagram decomposing into rectangles as A = Yli=i ( s 
r l >n +1 ,i.e.,X' = (r s 1 W s 2 ^--r s N N -l), 




SN-2 SJV-I 
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Then we have the following integral representation of the Macdonald polynomial [25] 

N-l , ^(„\s „N-1 r a j.. a N-l 



Mac/ a\ 



/ x( a ) \ r a dz a 

p ^ = n 7w • t n nssfW- ■ n <^'> n k?.^ 

a=l a ' ' 7 a a=l j=l 3 a=l 

(A.19) 

with zf := and A« := A, A (a) := E^W). ^ ^ = ' ' ^-i)- % 

replacing A Mac (x) and z a with A l?H/ (x) and p a z a , respectively, we also have (21] 

jV-1 r a ^ N-l 

Px (*) = ci i n n ^k«w • n n n c^ a+i ) 

a=l j=l 3 a=l 



N-l 



cfK.1 -p \ - E r^: E*r > ixi>. e+ : = n Qffi (a.») 



n>0 



i=l 



±± r J(AW>« 



with a singular vector |x+ s ) m 

Acting W-OJ+ojqj on (1A.20j) gives 



n>0 ^ i=l 



(A)' 



Appendix B: Proof of (14.61 ) 



Here we prove (14. 6p . We have the following formulas for the Young diagrams, which 

translate the summation in squares into that in lows [T7] : 

Lemma. 

r 

(1-9) £ (TV- = £ (1 - g Al ) t 1 " 4 , r > £(A), (B.l) 
(i,i)eA 



i=l 



(1 - 9) E <^~^" 



r r+1 



q x *-»n ] -\ r > £(n). (B.2) 



.i=l j=i i=l j=i+l_ 

In the following let us denote by (IB.lj) (A; q, t) and HB.2f) (A. /x) the equations (IB . 1 [) and 
( 1B.2|) . respectively Using these we obtain 
Lemma. For any integer r > £(X),£(n), 



E 

i=i 



jUi-j-r—i qS—Xi-j-i—l 

1^9 



(*,i)e(s r ) (i,j)eA (iJ)SK 

E q* i - j t%- i - E '/" ,/V '• (B.4) 



(*>i)ep 



(i,i)eA 



' (|A.20[) can be written also by the Jackson integral 
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Proof. First, g s x()B3])(A; g" 1 ,r 1 )-t r " 1 x((Bl])(/i; q,t) and^[ =1 {t r ~ l - g** <-1 )/(l - q) 
ELi £j=i g 7 '" 1 ^" 1 gives dEHD. Next, by (jEl&A*) and A* := s - A r _ i+1 with A := 0, 



r r r r+1 

EE-'-'EE 

i=l j=i i=l j'=i+l_ 

r r r— 1 r 

EE-'-EE 

. i=l j=i i=0 



r r+1 r 



E E E E - E E + E E 



i=l j=i 



i=l j'=i+l j=l j 



Thus dE2])(A, ju) - (JEH)(/x, A) gives (JEl- 

Note that //' ^ //. From (1B.3P and (IB.4p and their /i = A cases we have 



(B.5) 

qtM-Aj-j-j-i^ 

□ 

(B.6) 



E E * s ' r ' • E '• 

(*j)e(s r ) (i,j)eA (ij)ex 



(»j')6(s r ) 



(ij)6A 



(*>j')6Ai 



(i,i)eA 



For any equation f(q,t) = we define a mapping by exp {— Y^ n>0 ^/(g n , t™)} = 0. 
Acting this mapping on u x (IB. 61) and (IB.7I) gives 



] [ (1 - uql-H 1 - 1 ) = JJ (1 - uq s -H^ r ) Yl (1 - V-V- 
(»j')e(s r ) (i,i)eA (jj )e A 



(B.8) 



n (i-^ x )= rid-^- 1 ) na-^ n (l „„._,+,, 

(i,i)e(« r ) (*.i)eA (*,i)e/i Li(ij)e\\ L * t 



(B.9) 



Thus 



n 

(*-i)e(^) 



(i - v 1 * 1- ^ 

(1 - g^'t^ 1 ) 



n 



(B.10) 



When [A — A, 

(1 - V" 1 * 1- *) 



n 



(1 - q^t*- 1 ) 



n 



(l-ug s - J f- r ) (1 -q^-i+H 



IH-j+lfX' f -i\ 



n 



(l - w^'-H 1 -^ 



(U)e(s r ) 

( 1A.8I) and ( 1A.5I) completes the proof of (14.61) . 



^(1-,-^-) (1-gn-) -,(i-^- i+ i^- 



(B.ll) 
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Appendix C: Relation with Kaneko's integral formula 

When (3 e N we can use Kaneko's integral formula [30]. Let us define the following 
another kernel, which has the same q = 1 limit with A qW (z), 

™ z j I TT (r+l-2i)/3 



L n>0 y 

1 — q e Zj/tz, 



z (r+l-2i)|8 



^nnas-n^ m<*- <c.u 

i<j £>1 H 3/1 1=1 

In this section, we concentrate on the case of e N with t = ^. Then 

/8-1 

a« w (z) = n nV - q-'zj/ziKi - ■ n 

i<j e=o i=i 

i<j £=0 

A^)=n n (i-^M)-n^ (r+1 ^ 

= (-^^nnV - - ^zj/zi). (c.2) 

Let z := (^i, ■ • • , z r ) and x := (xi, • ■ ■ ,xm)- We have the following Kaneko's integral 
formula for the multivariate g-hypergeometric function in (14.131) 
Lemma. 



r i o— 1 6-1 M r ,__ f, 

t r ,q b 



i=l ■? £=0 £=0 k=l 



(C.3) 



c <**> . 



M n£f (i - rEfa - <i i+i ) nL(i - ' 



Note that the right hand side of (1C.3|) is summed over all Young diagrams A with Ai < r 
and £(\) < b. 
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For any symmetric Laurent polynomial f(z), we have 
Lemma. [281 



This follows from 



A« H (z) = A« w (z)l[j~ tZj/Zi 



Zj j Zi 



and 



Let x := (xi, • • • , When 



1 -tZj/Zi 
Zj/ Zi 



i=i 



1 - 1* 



(C.5) 



(C.6) 



(C.7) 



n n 

t* - ts 

n n 

q2 — q 2 



M 



Pn = J2 X k + 



q 2 — g~ 



-f (l+2a-c) 



the partition function Z 2 in (I4.4p is 



k=l 



1 — q e s zj 

yt+CS- 



qz — q 



(C. 



M 



n dz i z -s 
2mzj j " i - <i'- r --- : , 

3=1 J l>0 ^ J k=l 



-H(l- Zj x k )-A* w (z) =:Zt\ 



(C.9) 



When c6l, this reduces to 



r(x) 



•1)Y 



c— s— 1 



s-1 



M 



Ay 

n n c 1 - ^) rK 1 - rK 1 - • a?w »- 

j=l J £=0 1=0 k=l 

(CIO) 



Therefore, from ( 1C.3I) and ( 1C.5I) we obtain 
Proposition. 



7W 



r r ,? s 



(C.ll) 



?S -c-l£l- 

Note that the right hand side of (IC.lip is nothing but that of ( I4.12p with y = q~ s and 
u = t c . Thus when N = 2 and M = 1, (IC.llj) coincides with the 5-dimensional SU(2) 



Nekrasov partition function ( 15 . 1 6[) 



r(x) 
'2 

7(0) 



Z inst (Qf/v,Qf/qv) 



(C.12) 



with ( gag) . 
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Appendix D: Relation with Jackson integral 



In this section we assume < q < 1. In this article § ^-f(z) denotes the constant term 
in f(z), i.e., § ^J2 n ezfn zn ■= CT {z} Y. n & fnZ n := fo- But to define the g-deformed 
/3-ensemble f 1 3 . 6 j) . one can replace it by the Jackson integral which may have more natural 
q — > 1 limit. The Jackson integral is defined by 

f ^f(z) ■■= a - g) E /(^ n )' r — := ( x - ^) E w 1 )- ( m ) 

- 70 * n>0 J ° Z n& 

For a Laurent polynomial /, the relation between the Jackson integral and the constant 
term map is [32J 

For some special cases, one can calculate the partition function of the g-deformed ft- 
ensemble ( 13. 6 p by using following formulas: For ft G Z> , > and y ^ 0, —1, —2, • • • 
[33], 

q ^ Zj 



o - Zj 11 1 



n 

^ J] 



i<j £=1 



'■J 



with 



r g (^ + 1) T q (x + (r - i)^)r q (y + (r - (tj(?) 
r,(^ + l) r,(x + 3/+(2r-i-l)/3) 2V?1 



^ r(r- 1) ^ | r(r- l)(r-2) 



x-il— r 



g -x-y t 2-2r 



; q y tx 



2 3 n 

And also for /3 G N and *ft(x) > -A r (Cor. 1.6 in [28]) U 



(D.3) 
(D.4) 



„1 r , /3 2/3 

/ n ^ ri( i - ^) ■ n - ■ ri( i - ^ ■ p ^ *> o 



t Ar P x (l,t,--- ,t r ~ 1 ;q,t)Jl 



T q (tf3 + l)T q (ift) T q (x + Aj + (r - 



r g (^ + l) r 9 (x + A l + (2r-z)/3) 



t~ r ,q- x ~ x H 2 - 2r ,q~ x ~ x n 



.\~2r . _ _ q—x—Xr-j-l- 



q -x-X lt l-2r^ q -x-\ 2t 2-2r^ ... g-x-Xrf- 



X 



(D.5) 



Note that If /3 ^ Z then for any regular function f(z) in \z\ < 1, using the pseudo 
constant F(z) in (I2.32p . we can rewrite the contour integral to the Jackson integral 



I ^-F{z)z-?f{ Z ) = q n(1 -^f(q n )res z=1 F( 

^l 2 !- 1 71 n>0 



r q (ft)TJi-ft) 



d q ZZ P f{ Z ). 

(D.6) 



6 The first factor ]T|=o(l " Q i+lz j) can generalized to Yle>o (•"■ — 1 t+lz j)/{^ ~ q e+y zj) 
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Appendix E: Four- dimensional case 



E.l q — > 1 limit 



Here we give an example w' 
normalization of bosons bjll 



ren q = I, i.e., four-dimensional case [3]. Let us change the 



^ = ~ - r^ , = M^r, »*o (e.i) 

y Tl Tb V 

with /iQ° ld = /iQ new and Q^° ld = Q^^™ unchanged. Using the notation defined in the next 
subsection, let q = e h ^, h}*™ = {ft ■ a n ) + 0(h) and Q^™ = (fc ■ Q) + 0(ft)§ Then 

V Dz - Hzp 1 ^) = -hz^- l+1 (a d z + (h l ■ dj(z)))z^ +l + 0(h 2 ) (E.2) 



with «o := y/fi — and d z := By letting /i-iOwe obtain the four-dimensional 

case. Note that lim^x [n] = n. 



E.2 W N algebra 

Let {ei}f =1 to be an orthonormal basis, i.e., • = 5y . The weight space of A^-i is the 
hyper-surface perpendicular to X^=i ^- The weights of the vector representation h l , the 
simple roots a a and the fundamental weights A a for i = 1, • • • , N and a = 1, • • • , N—l are 
given by /i J := e*j — 5^j=i ^ a := — h a+1 and A a := £)i=i ^ • Their inner-products 
are 

(a a ■ a h ) = C ab := 25 a > b - S a ^ b - 6 a+1 ' b , 
- 8i-i, b , (« a • A b ) = 6 a > b , (E.3) 

C 6) - A, (A* • A 6 ) = (C-T = min(a, b) (l - ^M) . 

We define the boson field in the weight space by 

${z) := Q + a log z - ^nz~ n , [(d a ■ Q), (A b ■ Q)} = 0, 

[(a a ■ a n ), (A b ■ a m )} = n5 a ' b 6 n+mfi , [(a a ■ a ), (A 6 • Q)} = 6 a ' b . (E.4) 





1 


5 l ' j - 




~~ N 


B i,b 


:= 5 


A i,b 


:= e 



7 Uot h' n ° ld _ 1 ylff ] g " , j new /^°' d _ 1 ^i," eW QT1 J (mS-m 2)fe^° ld 

1 IlCIl tT TT" mUl ' ' n , ri TT - — ~ ; : 7== d-IlU. TT TT TT TT — 

q 2l- q ~2l 1 [l/*] ? n " ' *2fc-t-2fc n [l/fe] t „^[/3] 5 „ ( 9 2-,-2)(f2-r2) 



1^-0^:^ far « = r. 

8 C(ft) is a linear combination of • a„)'s and (h 3 ■ Q)'s with j = 1, • • • , JV 
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Then for any vectors u and v in the weight space, 

(u ■ 4>(z))(v ■ 4>{w)) = (u • v) \og(z — w) + ;{u ■ 4>(z))(v ■ (f>(w))i. (E.5) 
From ( IE. 21) the Wat generators W^(z) can be defined by 



N 



£ WUz)(a d z f- 1 := -(aodz+ih 1 ■ dj(z)))(a d z +(h 2 • dj(z))) ■ ■ ■ (a d z +(h N ■ dj(z))) : 



i=0 



(E.6) 

Note that W % cl {z) ^ lim^o W % (z). W^(z) is the Virasoro generator with the central 
charge c = N — 1 — Y2a\p 2 , 

- W^{z) = \:{d${z) ■ d$(z)) S + a (p ■ d 2 $(z)) (E.7) 

where p is the half-sum of positive roots, p : = J2a=i ^a, and p 2 = j^N(N 2 — l). Screening 
currents fl 2 . 1 5 [) and primary fields (I2.2ip . f!2.26j) and (12.271) are now 

V e a +1M1 (z) := !e (-^+*/V3)(^-^)) :j V 7 a (z) := :e -^(A<^») (E . 9) 

E.3 /3-ensemble 

The vertex operator in (13. ip is now 



V N := nexp(v^J]-(^ (K10) 



a=l I n>0 



Then, as ( 13. 2p . (a|Vjv defines the isomorphism by 

y/PpW(a\V N = (a\V N (a a -a. n ), JL ( a \v N = (a\V N (A a ■ a n ) (E.ll) 

V P dpn ' 

for n > and a(a|Vjv = (a|Kv«o- Here (a\ is an abbreviation of (a|. As (13 .4p the vector 
\S+ S ) also defines another linear map by 

(A a ■ a n )\S+ s ) = \S+ s )VPY,{zlY, n > 0. (E.12) 



k=l 



The partition function Zn, the potential W(z a ,z a+1 ) and the effective action S e s in 
I3.6p . ( 13 .7p and (13. lip , respectively, are now 

Z-^" 1 ra dz a { 1 ] 

z » = f n n ^wr* - ex p v 3 e • ^ qw (^ & - a+i ) - 

J a =l j=l 3 I n>0 ) 
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r a I . r a +i I z a+1 \ \ 

W(z a , z a+1 ) := \P E -(^) n # " E lo S 1 - "V - + 1) ^ z t ,(E.13) 

i=l \ n>0 j=l V * / / 

5 eff := E ( W ( z ^ za+1 ) + 2£ E lo S ^ - ^ J + /9 E^ + 1 - lo § z ? 



a=l \ i<j v 1 7 i=l 

with 2;^ := and 



n(^ W ):=nexp|/3E^>" } =II( 1 -^)"^ (E.14) 



A« w (z) =]Je W { -2/3 E^| !> • n^ +1 " 24)/3 = IK 1 - z il z ^^lh ~ 1)^(E.15) 



i<j ^ n>0 4 y i=l i<j 



Zjv is written as (13. 9p by the Jack polynomial P\{x) := P\{x\ (3) defined in appendix E.6. 
The saddle point condition is ^pf- = with 



7 a 



dS & _ a \^( 7 "\nJ.a) + fl W Ui<k( 1 - Z k/ Z i) Uj=l ft fj /ffc) 

°^ «>o n i>A ft-^i/4) 11<=1 V- Z kl Z i ) 



+ ((r a + l-2k)/3-s a -l). (E.16) 
As (EUD let us define and W^(z) by 



iV-l 



dj(z) := z-i8+ V^EE f ^""W + Z ~ n ~ lab ^ ) ' (K17) 



n>0 6=1 



E WMz)(ao^) iV - i := :(ao0*+(# ■ d^(*)))(ar o 0*+(# • dj(z))) ■ ■ ■ (a d z +(h N ■ <9*<fe))): 



i=Q 



(E.18) 

and W l ci (z) =: J2 n ez^ce n z ~ n ■ Similarly, d z (f>(z) and W^(z) are defined by replacing 
f~^5y with ^j? = i("4) n - Then we have the Wat constraint W^ n Zx = and the loop 



equation U W^ n yj = for n > 0. The quantum spectral curve (I3.23P is now 

(a d z + (h 1 ■ dj{z)))(a d z + (h 2 ■ dj(z))) ■ ■ ■ (a d z + (h N ■ dj(z))) \\ = 0. 

(E.19) 

For large r a this reduces to <KTTh with R = 0. When = Y.f=i( x f ] ) n + (7 (a V a) ) n , 
V* = J! ex P { V^E ^ • O (f>5 a) )" + (7 (a) l/ (a) ) n U (E.20) 

a=l I n>0 71 I j=l J J 

is the positive mode part of V a (a) (l / 'y^ a ') and 



9 The Toda theory/W-gravity duality is discussed in |36| . 



30 



E.4 N = 2 case 



When N = 2, i.e., the Virasoro case, A 1 = h 1 = -h 2 , a 1 = 2h l , (h 1 ■ h l ) = A 1 ' 1 = 1/2, 
B 1 ' 1 = 1 and C 1 ' 1 = 2. Let p n := p^ then the partition function Z 2 is now 



Za(p) = / II ex P I Z 3 E \^ I • A^(s) = r -^P {sn (x[ P )). (E.21) 



n>0 



As (14. lip the partition function Z 2 {p) substituting p n = Yli x ? + {iv) n * s 



z 2 (Ej x i + ry) __ 



Z2 iny) 



= 



—s,r(3 x 
1 — s + (r — 1 — 7)/?' y 



(E.22) 



Here 2^1 [ 41,6 1 3 -] is the multivariate hypergeometric function 



a, b 



V pr o\ tt (a + j-l + (l-»)/3)(6 + j-l + (l-»)/3) 
^ Ai (c + j-l + (l-0/3)(Ai-j + l + (A;- »)/?)" 



A 

^(A)<M 



(E.23) 

If we substitute /3 n p n = (— l) n-1 Q2 i %2 + (iy) n ) to Z 2 (p) then the right hand side 







a,6. x 

c ' 1/ 



of (1E.22P is replaced by 2 (p\ 



VP 



-a,—b_ x 
-c ' y 



E.5 Four-dimensional Nekrasov partition function 

Let a = (ai,--- ,Ojv) and m = (mi,-* - ,m 2 N) be sets of complex parameters, 
corresponds to the mass of the fundamental matter. Then by (15. 2p and (15. 5p . 

N T-f2N 



T~\ N AT / fflj— fflj \ 

{AO i=l Hj=i jv ^ a jA ^ ; 

AV(a):=i\T A >; V^) := (-1) |A|+M 
Ai — j 



x n 1 " 

(*,i)eA 
which satisfies 



(«>i)SM 



//» - j + 1 



1 

/3(A'-z))(,E.24) 



iVv(a-f;v / ^)=iV, A (a + f;- v ^)=iV^ (a+f;^ 



-l)W+MjV M -a 



a 



(E.25) 



When N = 2, Z mst coincides with the M = 1 case of the partition function Z 2 



Z mst (- mi + 



P-i 



3/3-1- 



2^1 



a 2 + m 3 + i^, a 2 + m 4 + ^ _ ^ 4 



a 2 — ai + 1 — (3 



Z 2 (x + 71/) 

z 2 (iy) 

(E.26) 
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with s = —a 2 — m 3 — r(3 = a 2 + m 4 + 7/? = ai + a2 + m 3 + m 4 + 1 — /3 and 
x/y = A 4 . Similarly, Z mst (— mi + — m2 + is given by changing the sign of the 
variables a, 6 and c of 2 </?i [°' ; A 4 ] in (1E.26|) . 



E.6 Jack polynomial 

Finally the Jack polynomials P\(x) := P x (x; 0) are defined by 

r 

HP x (x) = e x P x (x), e x := ^ A;(A, + (r + 1 - 2z)/9), 

i=l 

ff -EA 2 + ^S (A "^ ^ := 4 (K27) 

i=l i<j J 

with a normalization condition P x (x) = x 1 1 x 2 2 ■ ■ ■ x$ r + ■ ■ • ■ Inner products (f,g) and 
(f,g)' r are the same with (1A.2|) and 0A.30 . respectively but p* n := and A Mac (x) := 

n^ exp {-pJ2n>o x ]/ nx ?} = rn#(l = (-l)^^'^). The inner prod- 

ucts of Jack polynomials are given by 

-n- A* - 7 + 1 + (A'- - 
The specialization p n '■= 1 with 7 G C is 

We have the following integral representation of the Jack polynomial [37] 

f Z? 1 - 1 ~ JV ' 1 f_n r( ° )( f- 1) /i/\( B )\ 

p A (x ; /3)=^« s iex P -^Ett ^ + - n 1 7w — - 

l n>0 71 i=l ) o=l a '\ A ^ 

f Z? 1 - 1 ~ C + 

PA-x-(3)=C- x (a- s \e W \ l^.>, ^a" : = ^+7T\ ( K31 ) 

n>0 i=l I ' ' 



with z? := 0. 
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Appendix F: Notation 



Here we list up the notation of bosons. 

h l n and Q l h (i — 1, 2, • • • , N) : Fundamental (weight) bosons. J2f =1 p m h l n = ^2^ =1 Q\ = 0. 
A" and Q a A (a = 1, 2, • • • , N - 1) : Weight bosons. A° = = Q° A = Q A = 0. 
and (a = 1, 2, • • • , JV — 1) : Root bosons. 

F.l Relations 



hi At 



"n n "ra 



N-l AT-1 

.6 



K = E^'V^ = E^'VK, 



6=1 6=1 

'AT-1 AT-1 



Ql Qi-QV (E-E4)« 



N 

6=1 



AT-1 AT-1 

a; ~ E (^'r 'VC 1 ' = E (c'rVK, 

6=1 \6=1 6=a+l 



N-l 



at := 



K-K +1 = E^'VK, 



qs= Q a ,-Q a , +1 —or* + 2% -or 1 . 



Here 

«'■'(?) :=P**i*-P"'4-«, (B- 1 )"'»(rt=p 1 '— ifl(a >&), 

i i ■, [min(a, b) ]J N — max(a, b) 1 6 _ a 

:=[2] p ^-p-^-^W (^ 1 ) a ' 6 W = 1 Jy [iy] ^V**. 

(F.l) 
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F.2 Commutation relations between bosons 



[XIYi] = V - q S)(t* - r* )5 n+m , Z*>i. 



X l n \Y-n 


h j A b a b 

~n —n — n 


u n 

A a 


Bi< a (p~ n ) 5 ayb C a ' b (p n ) 



F.3 Commutation relations between boson zero modes 



[X t n ,Q*]=6 n , Z i > i . 







Qi 


Qi 




Qi 


K 




i 

J ~ N 


6{i < b) - 


b 

N 


$i,b — $i-l,b 




0(3 


a 


min(a, b) ^1 — 


max(a, b) N 
N j 




< 










2^ a ,6 — 8a-l,b — <Wl,6 
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